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Abstract 
Curry, S.B., One-dimensional nonseparating plane continua with disjoint E-dense subcontinua, 
Topology and its Applications 39 (1991) 145-151. 
The following theorem is proved: suppose X is a one-dimensional nonseparating plane continuum 
such that for any E > 0, X has two disjoint E-dense subcontinua. Then X is either indecomposable 
or the union of two indecomposable continua. The result is used to address a question of Knaster. 
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Introduction, itions and notation 
Krasinkiewicz and Mint [I] showed that for any h-dendroid X there is an E > 8 
so that any two E-dense subcontinua of X must intersect. In this paper that result 
is extended to one-dimensional nonseparating plane triods, and this is used to s 
that any one-dimensional nonseparating plane continuum which, for each E > 0, 
has two disjoint E-dense subcontinua is either indecomposable or the union of two 
indecomposable continua. 
Knaster, in private communication in 1972, asked whether each plane continuum 
which is the closure of a ray that limits on itself must contain an indecom 
continuum. David Bellamy and Jozef rasinkiewicz answer the question rqa- 
tively in 1976 with an hereditarily decomposab 
that if such a continuum separates the plane 
then it must contain an indeco 
dimensional, then it must be i 
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A continuum is a compact connected metric space. 
A continuum is decomposable if it can be expressed as the union of two of its 
proper subcontinua. Otherwise it is indecomposable. A continuum is hereditarily 
decomposable (indecomposable) if each of its subcontinua is decomposable 
(indecomposable). 
The distance between two points x and y is denoted by d (x, y). A subcontinuum 
M of a continuum X is E-dense in X if for each x E X there is an m E M so that 
d(x, m)<E. 
A continuum X is a triod if it is the union of three of its proper subcontinua, A, 
B,andC,suchthatAnB=BnC=AnC=AnBnC,andsuchthatifN=AnB, 
then A! is a proper subcontinuum of A, B, and C. We call X = Au B u C a triadic 
decomposition of X, and N is called the nucleus of the triadic decomposition. 
A triod is a simple triod if it contains a point 0 and is the union of three arcs, 
each having 0 as an end point and such that the common part of each two of them 
is 0. 0 is called the emanation point of the simple triod, and each of the three arcs 
is called a branch of the simple triod. 
In the language of Sorgenfrey [Sj, a simple triod is a type 8 triod, and a triod is 
a type 3 triod. 
The boundary of a set X is denoted by Bd(X). The closure of X is denoted by 
X. The interior of X is denoted by Int(X). 
The Euclidean plane is denoted by R’. 
The results 
Lemma 1. Let X be a one-dimensional, nonsepara ting plane triod with triadic decompo- 
sition X = A, u A, c/ AZ, and let N = A0 n A, n A?. Then there are open disks WO, W, , 
and Wz and a simple triod P c I$’ - X so that: 
(1) 0#(WinX)c(Ai-N),foriE{O,f,2}, 
(2) Win Wj=p), fOri#j, 
(3) P has one end point on each Bd( Wi), i E { 1,2,3), and 
(4) P does not meet W& W, u Wz except at its end points. 
roof. Let d be a point of Iw’- X. Then there are arcs dpt,, dp:, and dpi such that 
dp: n X = {pi} c (A, - N), for each i E (0, 1,2} [3, p. 266, Theorem 71. In the union 
dpt,u dpi u dpi one can find a simple triod P’ with end points p;, pi, and pi. Denote 
by Pb, P’, , and Pi its branches. Now, for i E {0,1,2}, let 1% be an open disk with 
center p: and radius less than half the distance from pi to Ai+l u Ai+? u P:+, u P:+z, 
where the sum of the indices is taken mod 3. 
By the above condition, (1) and (2) are satisfi-d. Now, taking the subarcs Pi of 
PI from the emanation point of P’ to the first points on Bd( Wi), we obtain a simple 
triod p I= &u P, u & with properties (3) and (4, SQ the proof is complete. 0 
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Lemma 2. Suppose X is a one-dimensional, nonseparating plane triod. Then there is 
an E > 0 so that every two e-dense subcontinua of X intersect. 
roof. Let X = Au B u C be a triadic decomposition of X with nucleus N. my 
Lemma 1, there are disks W, , W2, and W, SO that Wi n Bfi = 0 for i #j, W, n 
X c (A - N), I+$ n X c (B - N), and W, n X c (C - N), and there is a simple triad 
P = PI u P2 u P3 with emanation point d such that the end point of P contained in 
Pi lies on Bd( W/,)3 and such that P n X = 8. Denote the end point of P contained 
in Pi by pi. 
Let E be small enough so that any e-dense subcontinuum of X intersects each 
Wi, and assume that there are two disjoint E-dense subcontinua, Q and S, of X. 
Let U and V be disjoint open subsets of R’ containing Q and S, respectively, such 
that Un P=@ and Vn P=Q). 
Let q E Q n N. Since X does not separate R’, Q n A is connected. So there is a 
subcontinuum of Q containing q and a point of W,, and lying entirely in A. Let 
U, be a connected open subset of U which contains Q and which does not intersect 
I& or I&. Then U, contains an arc T, with one end point q and the other end 
point on Bd( W,). Similarly, there are arcs Tz and T3 with end points lying on the 
boundaries of Wt and W,, respectively, each with end point q, such that T2 does 
not intersect @, or I&, and T3 does not intersect w, or wz. An argument similar 
to the one used in Lemma 1 for the construction of the simple triod P shows that 
the T can be chosen so that T, u T2 u T3 is a simple triod. Set T = T, u T2 u T3 II 
Denote the end point of T on Bd( Wi) by ti. 
In an analogous fashion, construct a simple triod Y such that Y c V, Y has 
emanation point s E S n IV, and Y has end points on the boundary of each Wi, 
i E { 1,2,3}. Denote the end point of Y lying on Bd( Wi) by yi. 
For each i E { 1,2,3}, join yi to pi by the arc ai on Bd( Wi) which does not contain 
ti, and join ti to pi by the arc pi on Bd( Wi) which does not contain Yi. 
Set M = {d, q, s}, and set F = {p, , pz, f13}. Then the union of P, T, Y, the ai, and 
the pi, i E {1,2,3}, is a Kuratowski skew curve [2] of the second type between the 
sets M and F which lies in R’. However, a Kuratowski skew curve cannot be 
embedded in II%‘, so the assumption that X has two E-dense subcontinua is false, 
and the lemma is established. Cl 
Lemma 3. Let X be a one-dimensional nonseparating plane continuum so that for any 
E > 0, X has two disjoint E-dense subcontinua. Suppose that X = u N, where each 
of M and N is a proper subcontinuum of X. Then M - N and N - M are connected. 
eM-N=Uu 
have that X = 
X. By Lemma 
This contradicts the hypothesis that for any E > 0, X has two disjoint E-dense 
subcontinua. Hence, the assumption is false, and M - N is connected. Similarly, 
N - M is connected. Cl 
Lemma 4. Let X be a one-dimensional nonseparating plane continuum so that for any 
E > 0, X has two disjoint e-dense subcontinua. Suppose X = M v N, where each of M 
and N is a proper subcontinuum of X. Then M n N is nowhere dense in X. 
Proof. Assume that M n N contains an interior point relative to X. 
By Lemma 3, M - N is connected and, therefore, a continuum. M - N n 
(M n N) # 8, since M is connected; since M does not separate R’, M - N n 
(M n N) is connected. Similarly, N - M n (M n N) is connected. 
We assert that N-M n M - N # 0. Suppose otherwise, and let E be small enough 
that each E-dense subcontinuum of X intersects both M - N and N - M. Let C 
and D be two disjoint E-dense subcontinua of X. 
Let C be a minimal subcontinuum of C so that (mN)u Cu (N-M) is 
connected. Let fi be a minimal subcontinuum of D so that (M) u fi u (N-M) 
is connected. Then H = mu C u 6 is a continuum, and If n-c (e u 8). 
In addition, H n N - M contains points of both C and fi. Thus, H n N - M is not 
connected, and therefore, H u N - M separates the plane. This contradicts the 
hypothesis that X is a nonseparating plane continuum, so the assertion is true. 
Set K,=Nn(Nn M), and &=mn(Nn M). Then 
is a triadic decomposition of X with nucleus K, u Kz. By Lemma 2, there is an 
E >O so that any two E-dense subcontinua of X intersect. This contradicts the 
hypothesis that for any e > 0, X has two disjoint E-dense subcontinua. 
Therefore, the assumption that M n N has an interior point relative to X is false, 
so M n N is nowhere dense in X. 0 
Theorem 5. Let X be a one-dimensional nonseparating plane continuum so that for 
any E > 0, X has two disjoint e-dense subcontinua. Then X is either indecomposable 
or the union of two indecomposable continua. 
Proof. Suppose X is not indecomposable. Then X = M u N, where M and N are 
proper subcontinua of X. We may assume that each of M and N is the closure of 
its interior. By Lemma 3, M - N and N - M are connected. 
Assume M is decomposable. Then M = M, u M?, where M, and M’, are proper 
subcontinua of M. 
M,nN#0. To see this, suppose M,nN=(b. Then X=Mu(NuM,) is a 
decomposition of X into two proper subccntinus, so by Lemma 4, M2 is nowhere 
dense in X. It follows that M, is not a proper subcontinuum of M, a contradiction. 
Hence, M, n N z 0. Similarly, M, 1-1 !+I + fl. 
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M n N is connected, since M u N does not separate R’. Thus, M, n M2 n N # 0. 
M, n M2 is connected, since M does not separate R’. It follows that F = (M, n M2) u 
(M n IV) is connected, and so F is a continuum. 
We have that X = (M, u F) u ( M2 u F) u (N u F) is a triadic decomposition of 
X with nucleus E By Lemma 2, there is an E > 0 so that any two E-dense subcontinua 
of X intersect. This contradicts the hypothesis that for any E > 0, X has two disjoint 
c-dense subcontinua, so the assumption that M is decomposable is false, and M 
is indecomposable. Similarly, N is indecomposable. Cl 
A ray is the continuous, one to one image of the nonnegative real numbers. A 
final segment of a ray is the image, under the mapping which defines the ray, of a 
subset [n, 00) of the nonnegative real numbers. A ray is said to limit on itself if it is 
contained in the closure of any final segment of itself. 
The example of Bellamy and Krasinkiewicz which answered Knaster’s question 
mentioned in the introduction of this paper separates the plane into infinitely many 
components. 
The following corollary answers Knaster’s question for the case where the con- 
tinuum does not separate the plane. 
Corollary 6. Each one-dimensional nonseparating plane continuum which is the closure 
of a ray that limits on itself contains an indecomposable continuum. 
roof. Suppose X is a plane continuum which is the closure of a ray that limits on 
itself. Having a dense ray, X contains, for any E > 0, two e-dense arcs. So by 
Theorem 5, X is either indecomposable or the union of two indecomposable 
continua. 0 
The following corollary follows directly from Theorem 5 in a similar fashion. 
7. A one-dimensional nonseparating plane continuum with two dense arc 
components is either indecomposable or the union of two indecomposable continua. 
Corollary 6 may be strengthened as follows. 
Theorem 8. Suppose X is a one-dimensional plane continuum which is the closure of 
a ray that limits on itself; and suppose that X separates the plane into not more than 
finitely many components. Then X is indecomposable. 
roof. Suppose that X separates the plane into only n components. ssume X = 
Mu lV, where M and N are proper subcontinua of X. Construct an arc P on the 
dense ray in X which con oints Xi, i = 1,2, . . . n + 3 st.d that the following 
conditions hold. (1) Each Xi E (2) (xi 1 i is odd} c - N, and (3) {Xi 1 i is even} c
N-M. Then Pu(N- ) separates the plane into 
contradiction. Cl 
Examples 
The following examples show that Theorem 5 and Corollary 7 cannot be 
strengthened to conclude that the continuum is always indecomposable, rather than 
the union of two indecomposable continua. 
First is an example of a one-dimensional nonseparating plane continuum which, 
for any E ~0, has two disjoint E-dense subcontinua, and is the union of two 
indecomposable continua. 
Let X, and X2 be copies of the Knaster “bucket handle” continuum [3, p= 204, 
Example 11 embedded in the plane so that the accessible composant of both X1 
and & is the image of a line rather than a ray [4]. The “bucket handle” is known 
to be indecomposable. Let pq and rs be arcs on the accessible composants of X1 
and X2, respectively, and identify the arcs pq and r.s. The union X of X, and Xz 
with pq and rs identified is a plane continuum [3, p. 533, Theorem 81 which is the 
union of two indecomposable continua. 
The accessible composant of X1 contains two disjoint dense rays R, and Rz with 
end points p and q, respectively. Also, the accessible composant of Xz contains two 
disjoint dense rays S, and Sz with end points r and s, respectively. 
With the identification of pq and rs so that p is identified with r and g is identified 
with s, we have that M = R, u S, and N = Rz u S2, with identification, are each 
dense in X and are disjoint. Then, for any E > 0 disjoint E-dense arcs can be 
constructed in M and IV. 
The conclusion to Corollary 7 cannot be strengthened, as this example shows. 
Replace the arcs pq and rs in the prior example with copies of the closure of a 
sin( l/x) curve, for x E [-1, l] - (0). The continuum then has two dense arc com- 
ponents and is the union of two indecomposable continua. 
The following example shows that strengthening the hypotheses of Theorem 5 to 
require more than two E-dense subcontinua will not strengthen the conclusion. 
Construct a decreasing nested sequence of disks, {C,,}, such that the boundary 
of each C,, contains the interval [0, l] on the x-axis, and such that C,, does not 
contain a ball of radius l/n. In each C,, we construct 2” disjoint arcs, each of which 
is (l/2”)-dense in C,, and each of which has one end point in the segment (0,l) of 
the x-axis and does not meet Bd( C,,) at any other point. We require that Cn contain 
all arcs constructed in C, , Cr. . . , C,I_, in Int(C,,), except for the end points on 
the x-axis, and we require that the arcs constructed in C,, be disjoint from the arcs 
constructed in C, , G, . . . , C_ ,. 
Let Cl be a disk with the above properties, and let A:(l) and A:(2) be two disjoint 
arcs with the properties described above. 
To construct the arcs A:+,(i) in C,,+,, proceed as follows. For each A::(i), let 
A:+,(20 and AiI+,(2i - 1) be disjoint arcs with the above properties which are close 
to AX i) in the following sense: A:,, , =lJ;‘_., At, .(2i), where Ai+,(2i) has one end 
point on the x-axis for each k and where A' ,,+,(2i) is close enough to A:(i) that 
distinct sequences {At(Q, wherej = k, k + I, s. . and where m, +, = Zm, or 2mi - 1, 
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have disjoint limiting sets which are (l/2”)-dense in n;=, Cja Analogous conditions 
should hold for A:,+,(2i - 1). Then extend A:,+,(2i) and A:,+,(2i - 1) to arcs A”,:!(29 
and A:I:(2i - I) in Int(C,,+,) SO that A::z:(2i) and Azf!(2i- 1) are disjoint 
(l/2’*+‘)-dense arcs in C,,+, .
Now, let C = n:=, C,. Then for fixed k, the limiting set of the sequence of arcs 
{AZ@” )E=k 9 where ej is either 2ej_1 or 2ej_1 - 1, is a subcontinuum of C which 
meets the interval [0, l] of the x-axis and which is (l/2”)-dense in C. The set of 
sequences e,, is uncountable, and each pair of such sequences yields disjoint limiting 
sets, so C has uncountably many disjoint (l/2”)-dense subcontinua which meet the 
x-axis. 
Let K be the plane set to which (x, y) belongs if and only if (x, y) E C or (x, -y) E C. 
By Theorem 5, K is either indecomposable or the union of two indecomposable 
continua. Also, C is either indecomposable or the union of two indecomposable 
continua. It follows that C is indecomposable, and so K is the union of two 
indecomposable continua, and for E > 0, K has uncountably many disjoint E-dense 
subcontinua. 
The following <example, due to Bellamy and Krasinkiewicz, is a one-dimensional 
plane continuum which is the closure of a ray that limits on itself, but is hereditarily 
decomposable. This example separates the plane into infinitely many components. 
Let K be the Knaster “bucket handle” continuum, and let A be a straight line 
segment with end points (!, 0) and (j , 1). A n K is a Cantor middle third set. Identify 
each complementary open interval of this Cantor set with its end points. The resulting 
continuum is hereditarily decomposable, and for any& > 0, it has two disjoint E-dense 
subcontinua. 
The nature of one-dimensional plane continua which separate the plane into only 
finitely many components and which, for any E > 0, have two disjoint E-dense 
subcontinua is not known. 
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